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ABSTRACT. 

In this work, we study Sturm-Liouville problems with eigenparameter depen- 
dent boundary condition and transmission conditions at three interior points. 
We obtain asymptotic formulae for the eigenvalues and eigenfunctions. 

1 Introduction 

It is well-known that many topics in mathematical physics require the investiga- 
tion of eigenvalues and eigenfunctions of Sturm-Liouville type boundary value 
problems. In recent years, more and more researches are interested in the dis- 
continuous Sturm-Liouville problem for its applications in physics (see [1 — 4]). 
Various physics applications of this kind problem are found in many literatures, 
including some boundary value problem with transmission conditions that arise 
in the theory of heat and mass transfer (see [5 — 9]). The literature on such 
results is voluminous and we refer to [7, 8, 10 — 20]. 

Discontinuous Sturm-Liouville problems with eigen-dependent boundary con- 
ditions and with two supplementary transmission conditions at the point (s) of 
discontinuity have been investigated in [10,12,21,22]. Note that discontinuous 
Sturm-Liouville problems with eigen-dependent boundary conditions and with 
four supplementary transmission conditions at the points of discontinuity have 
been investigated in [3] . 

In this study, we shall consider discontinuous eigenvalue problem which con- 
sists of Sturm-Liouville equation 

Lu := —u" + q(x)u = Xu (1-1) 

on [a, hi) U (hi, /12) U (h2, /13) U (/13, b] , with boundary condition at x = a 

L\u := otiU (a) + a%u (a) = 0, (1-2) 

with the six transmission conditions at the points of discontinuity x = hi , x = h% 
and x = /13, 
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■= iiuiK - 


-o)- 


- 5iu(hi +0) = 


0, 


(1.3) 


L 3 u 


:= j x u {hi 


-o) 


-8'iU (hi +0) 


= 0, 


(1.4) 


L 4 u 


■= 12^ (h 2 - 


-o)- 


- S 2 u (h 2 + 0) = 


0, 


(1.5) 


L 5 u 


■= l2 u ( h 2 


-o) 


- S' 2 u {h 2 + 0) 


= 0, 


(1.6) 


L 6 u 


■= 13U (h 3 - 


-o)- 


- S 3 u (h 3 + 0) = 


0, 


(1.7) 


L-ju 


■ = l3 u ' ( h 3 


-o) 


- S' 3 u (h 3 + 0) 


= 


(1.8) 



and the eigen-dependent boundary condition at x = b 

L 8 u := A [ft u (b) - P' 2 u(b)] + [ftn (b) - I3 2 u{b) 



= 



(1.9) 



where q(x) is a given real-valued function continuous in [a, hi) , (hi, h 2 ) , (h 2 , h 3 ) 
and (h 3 , b] and has finite limits q(hi±) = \im x ^f ll ±q(x), q(h 2 ±) = lim-r^/^ ±q(x), 
q(h 3 ±) = Imix^hs ±<j(x); A is a complex eigenvalue parameter; the coefficients 
of the boundary and transmission conditions are real numbers. We assume 

P'l & 
(3' 3 Pi 

Contrary to previous works, the eigenfunctions of this problem may have dis- 
continuities. 



M + M ?0, |7i| + |*i| #0, \ji\ + \6i\ ^0(i = 1,2,3) andp: 



> 0. 



2 Preliminaries 

For the sake of convenience let us introduce the following notations: 
:= [a, hi] , 2 := [hi, h 2 ] , tt 3 := [h 2 ,h 3 ] , f2 4 := [h 3 , b] 



x G (hi,h 2 ) 
u(x) x — hi, 



1 \ / u(x) x G [a, hi) , . / u(x) 

(X) ^ 1 lim._> fcl _ u(x) x = hi, ^ (») { Iim._ fcl+ 

u ,y = { u(x) xe(hi,h 2 ) u = f u(x) xe(h 2 ,h 3 ) 

(3) \ lim x _^ 2 _ u(x) x = h 2 , (4) \ lim x _^ 2+ u(x) x = h 2 , 



-= f u(x) x g (/12, /13) u (x) , = f «(a:) a; G (h 3 , b] 

(j) y ' \ lim x _^ 3 _ u(x) x = h 3 , (6 > ' \ lim x _^ 3+ u(x) x = h 3 , 

(u) g := lim [Piu (x) - (3 2 u (x)) , (u) 8 := lim (^u (x) - j3 2 u (x)\ , 

' x — >b \ / ' x^b \ / 

u (x) := 



u(x) x G [a, b) 
(u) B x = b. 



Note that everywhere below, we shall assume that 7i7 i <W i > (i = 1, 2, 3) and 
for the Lebesque measurable subsets M C [a, /ii) U (hi, h 2 ) U (/12, ^3) U (h 3 , b] 
with Lebesque measure fiL (M), we shall define a new positive measure [i p (M) 
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by 

Mp (M) := -p-jr/iL (M n [a, />i)) + ^ (M n (/ii, /i 2 )) + (M n (/i 2 , M) 

did! 727 2 

^(Mn( ft3 ,fe]) + ^4^ 

727 2 737 3 727 2 737 3 P 

where 

6(M) . = ( 0, if b£M, 
K ' ' \ 1, if b e M. 

Let (•, -) H denote the scalar product in the Hilbert space := (L 2 [a, 6] ; ^ p ). 
In this space, we define a linear operator A by the domain of definition 

D (A) := |?i G Hp are absolutely continuous in (z = 1, 2, 3, 4) , Lu G £ 2 [a, 6] 

o;iu (a) + a 2 u' (a) = 0, 71 u (ft-i — 0) = Siu (hi + 0) , j^u (hi — 0) = c^m' (/ii + 0) 
72 u (h 2 - 0) = (5 2 2 (/i 2 + 0) , j' 2 u (h 2 - 0) = (/i 2 + 0) , 73 2 (/i 3 - 0) = 5 3 u (h 3 + 0) 

73« (/i 3 - 0) = 6 3 u (h 3 + 0)} 

and 



(An) (*) 



(Lu) (x) for a; G [a, hi) U (fti, ft 2 ) U (h 2 , h 3 ) U (/i 3 , 6] 
— (u)^ , for a; = b 



Consequently, the considered problem (1.1)-(1.9) can be rewritten in operator 
form as 

Au = Xu 

i.e., the problem (1.1)-(1.9) can be considered as the eigenvalue problem for the 
operator A. 

Theorem 2.1. The operator A is symmetric. 
Proof. Let / ,g G D (A). By the means of two partial integrations, we get 

(Af,g) - </, Ag) = (W (f,g; hi - 0) - W (f,g; a)) + (W (f,g; h 2 -0)-W (f,g; hi + 0)) 

p p OlOi 

^2 nxrft -. u n\ wit- u , n\\ . 5 ^2^5 3 



l(W(f,g;h 3 -0)-W(f,g;h 2 + 0)) + 

7272 7272 737 3 

x (W (f,g; b)-W (/, g; h 3 + 0)) + ((/ ) (g) - (f ) (g) ) 

P727 2 737 3 V ' 

(2.1) 

where, as usual, 

W (/, g; x) = f (x) g (x) - / (x) g (x) (2.2) 

denotes the Wronskians of the functions / and g. Since / and g satisfy the 
boundary condition (1.2), it follows that 

W(f,g;a) = 0. (2.3) 
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From the transmission conditions (1.3)-(1.8) we get 

^[w (f,g; hi-0) = SiS'iW (f,g; K + 0) (2.4) 
Furthermore, it is easy to verify that 

(f)0(9h-(fh(9)p = pW(f,g;b)- (2-5) 
Finally substituting (2.2)-(2.5) in (2.1) yields the required equality 

(Af,g) Hp = (f,Ag) Hp {f,g€H p ). (2.6) 

■ 

Corollary 2.1. All eigenvalues of the problem (1.1)- (1.9) are real. 

We can now assume that all eigenfunctions are real- valued. 

Corollary 2.2. If Ai and A 2 are two different eigenvalues of the problem 
(1.1)-(1.9), then corresponding eigenfunctions U\ and u 2 of this problem satisfy 
the following equality: 

hi h 2 , h 3 

f f 5 S f 

'"" ;J u\ (x) U2 {%) dx + ui (x) U2 (x) dx H — / u\ (x) u<i (x) dx 



Oid 1 J J 727 2 . 

a hi h-2 

/ Ul (x) u 2 (x) dx + {U1 ) {U2 ) = o. (2.7) 

72727373"/ 7272 737 3 

In fact this formula means the orthogonality of eigenfunctions u\ and u 2 in the 
Hilbert space H p . 

We need the following lemma, which can be proved similarly to [10, Theorem 2] . 
Lemma 2.1. Let the real-valued function q (x) be continuous in [a,b] where 
f (A) , g (A) are given entire functions. Then for any A 6 C the equation 

— u + q(x)u = Xu, x e [a, b] 

has a unique solution u = u(x, A) such that 

u (a) - / (A) , u (a) = g (A) (or u (b) = f (A) , u (b) = g (A)) 

and for each x G [a, b] , u (x, A) is an entire function of A. 
We shall define two solutions 

!<t>i\ (x) , x G [a, hi) , ( xia (x) , x G [a, hi) , 

Mx) xe{h u h^ &nd X 2x{x) xe{h u h 2 ) 

fo\(x), x G (h 2 ,h 3 ), I X3\(x), x G (h 2 ,h 3 ), 

4>&\ (x) , x G (h 3 , b] , [ x&\ (x) , x G (h 3 , b] , 

of the Eq. (1.1) as follows: Let </>ia (x) = 0i (x, A) be the solution of Eq. (1.1) 
on [a, hi], which satisfies the initial conditions 



u(a) \ = ( a 2 
u (a) J \ -ai 



(2.6 
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By virtue of Lemma 2.1, after defining this solution, we may define the solu- 
tion 02 (a;, A) of Eq. (1.1) on [hi, /12] by means of the solution <j>i (x, A) by the 
nonstandart initial conditions 



u(hi+0) \ = ( ^<t>i\(hi-0,\) 
u'(hi+0) J ~ [ ^(^-0, A) 



7l / „ n \\ I ' ( 2 -9) 



After defining this solution, we may define the solution <p 3 (x, A) of Eq. (1.1) on 
[h-2, h 3 ] by means of the solution cj) 2 (x, A) by the nonstandart initial conditions 



u(h 2 + 0) \_f ^hx(h2-0,X) 



u (h 2 +0) J \ £0 2A (fc 2 -O,A) 



(2.10) 



After defining this solution, we may define the solution 04 (x, A) of Eq. (1.1) on 
[h 3 , b] by means of the solution <j> 3 (x, A) by the nonstandart initial conditions 

U(h 3 + Q) \_f ^hx(h 3 ~0,X) \ 



«' (^3 + 0) y I f4>' 3X {h 3 -o,x) 1 ■ (2J1) 

Therefore, (a;, A) satisfies the Eq. (1.1) on [a, hi) U (hi,h 2 ) U (/12, ^3) U (/13, b], 
the boundary condition (1.2), and the transmission conditions (1.3)-(1.8). 

Similarly, first we define the solution xa\ ( x ) : = Xi( x ^) on [^3:^] by the 
initial conditions 

u(b) \ _ f (3 2 \ + (3 2 \ (2J2) 



u (b) ) \ fcX + fc 

Again, after defining this solution, we may define the solution \3\ [x) := X3 ( x : ^) 
of the Eq. (1.1) on [h 2 ,h 3 ] by the initial conditions 



u(h 3 -0) \_( ^X4A (^3 + 0, A) 



u (h 3 - 0) J \ % XiX (h 3 + 0, A) 

' ~3 



(2.13) 



After defining this solution, we may define the solution \2\ {%) '■= X2 (%, A) of 
the Eq. (1.1) on [hi, h 2 ] by the initial conditions 



u (h 2 — 0) \ _ / 72 



^X3A (to + O.A) 



u (h 2 -0) ) \ h> x ' 3X ( h2 + 0,\) 

12 



(2.14) 



After defining this solution, we may define the solution xix ( x ) '■— Xi ( x > A) °f 
the Eq. (1.1) on [a, /ii] by the initial conditions 



u (hi — 0) A / 71 



£"X2A (fci+0,A) 



« (/m-0) ; \ ;W(>H+M) 

~i 



(2.15) 
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Therefore, x ( x , A) satisfies the Eq. (1.1) on [a, hi) U (hi, h 2 ) U (h 2 , ^3) U (/13, 6], 
the boundary condition (1.9), and the transmission conditions (1.3)-(1.8). 
Further it follows from (1.1) that the Wronskians 

Ui := W\ ((pi, Xt; x) := fa (x, A) x 4 (x, \)-fa (x, A) x% (x, A) , x e fli (i = 1, 2, 3, 4) 

are independent of x € fij. Moreover these functions are entire functions of A. 
Lemma 2.2. For each AeC, 

71 7l 7272 7373^1 ( A ) = <Wl7272 7373^2 (A) = ^1(5^2^27373^3 (A) = (51(5^2(52^3^3^4 (A) . 

Proof. Using (2.9), (2.10), (2.11), (2.13), (2.14) and (2.15), we get 

717172727373^(^1 'Xi^i - 0) = 7272 737^1 S[w (fa, X2; hi + 0) = 

<52<5 2 7373 ,5 i^i^ (03, X3; h 2 + 0) = SiS^S^S'^W (fa, Xi\ h 3 + 0) 

which completes the proof. ■ 

Now we may introduce the characteristic function 

uj (A) := 71 7i 7272 7373^1 ( A ) = <5i<5i7272 7373^2 (A) 
= (5i(5i(5 2 (5 2 737 3 u; 3 (A) = 6i6i6 2 6 2 6 3 6 3 lj 4 (A) . 

Theorem 2.2. The eigenvalues of the problem (1.1)- (1.9) are the zeros of 
the function to (A) . 

Proof. Let to (A ) = 0. Then W\ (fa,Xi',x) — and therefore the functions 
fa\ (x) and xiA (x) are linearly dependent, i.e. 

XiAo (x) = kifa X() (x), x £ [a, hi] 

for some fci 7^ 0. From this, it follows that x( x ,^o) satisfies also the first 
boundary condition (1.2), so x ( x i Ao) is an cigenfunction for the eigenvalue Ao- 
Now we let uq (x) be any eigenfunction corresponding to eigenvalue Ao, but 
to (Ao) 7^ 0. Then the pair of the functions (fa,Xi) ■> (fa 1X2) > (03, X3) an d 
(fa,, Xi) would be linearly independent on [a, hi) , (hi, h 2 ) , (h 2 , ft.3) and (/13, b] 
respectively. Therefore u (x) may be represented as 

cifa (x, A ) +c 2 xi (x, A ) , xe[a,hi), 
u f x \ = ) c 3fa(x,Xa) +c A x 2 (x,\o) , x&(hi,h 2 ), 
° I c 5 fa(x, Ao) +c 6 X3(a;, Ao) , xe(h 2 ,h 3 ), 

c 7 fa (x, A ) + c 8 x4 (ar, A ) , arG(ft 3 ,6]. 

where at least one of the constants ci, c 2 , C3, C4, C5, C6, C7 and cs is not zero. 
Considering the equations 

t v («o (a;)) - 0, u = 1~8 (2.16) 

as a system of linear equations of the variables Ci, c 2 , c 3 , C4, C5, C6, C7, cs and 
taking (2.9), (2.10), (2.11), (2.13), (2.14) and (2.15) into account, it follows that 
the determinant of this system is 

= -6i6 1 6 2 6 2 6 3 6 3 uji (A ) oj 2 (A ) L03 (A ) (A ) 7^ 0, 



Si 52 
S3 S4 



G 



where 



Si = 





7i0ia o (hi 

7l01A o (^1 





0) 
0) 



wi (A ) 

7lXlA (fti 

7ix'u C»i 










0) -<5i02Ao (ftl + 0) 
7202A O (t>>2 - 0) 

0' 







-<5iX2A (hi + 0) 

-^lX2A ( h l + °) 

72X2A (hi - 0) _ 



-8 2 fo\ (h 2 + 0) -^X3A (h 2 + 0) 
7 2 < / , 2A - 0) 7 2 X 2 a (^2 - 0)' 



S* = 













and 



-*203A„ ^ 2 + °) ^XaAo (^2 + 0) 

7303A O (^3 - 0) 73X3A (^3 - 0) 

Isfi'axa ( h 3 - 0) 73X3A0 (hs - 0) 







-h4>i\ a (hs 

-^Iao ( h 3 
uj 4 (A ) 



0) 
0) 





-^3X4A (^3 

-4X4A ( h 3 




0) 

o) 



Therefore, the system (2.16) has only the trivial solution Cj = (i = 1,8). Thus 
we get a contradiction, which completes the proof. ■ 

Lemma 2.3. If A = Ao is an eigenvalue, then (f>(x,\ n ) and x(x, A ) are 
linearly dependent. 

Proof. Let A = A be an eigenvalue. Then by virtue of Theorem 2.2 



and hence 



W (> 4 a , Xi\ ; x) = uii (A ) = 



X»A (z) = MiA (») (i = 1, 2, 3, 4) 



(2.17) 

for some fci 7^ 0, k 2 ^ 0, fc 3 ^ 0, and fc 4 7^ 0, We must show that fci = k 2 = 
fc 3 — k 4 . Suppose, if possible, that k\ ^ k 2 . 

Taking into account the definitions of the solutions (x, A) and \i ( x i 
and the equalities (2.17), we have 

Si (h - k 2 ) 2A (/ll + 0) = <5ifci</> 2A (/ll + 0) - <5ifc 2 02A (hi + 0) 

= fci7i^iA (hi - 0) - tfifc^A (/ii + 0) 
= 7iXia (hi - 0) - (5 iX2 a (/ii + 0) = 0. 



Therefore 



Similarly starting from S 1 (ki 
dure, we can derive that 



02A O (fti + 0) = 0. (2.18) 
— k 2 ) (f>' 2X (hi + 0) and following the same proce- 



^2A (hi + 0) = 0. 



(2.19) 
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From the fact that <p2\ 1S a solution of the differential equation (1.1) on [hi, /12] 
and satisfies the initial conditions (2.18) and (2.19), it follows that (f>2\ (x) = 
identically on [hi,h 2 ]. Making use of (2.9), (2.10), (2.11), (2.18) and (2.19), we 
may also derive that 

0iA o (hi - 0) = 4>' 1Xo (hi - 0) = 0, 

</>3A (h2 + 0) = 3Aq (h 2 + 0) = 

and 

04A O (h 3 + 0) = 4>' iXo (h 3 + 0) = 

respectively. From this, by the same argument as for (f>2\ (x), it follows that 
0ia o (x) — identically on [a, hi], <p3\ a (x) = identically on [h2,h 3 ] and 
04A O ( x ) — identically on [h 3 ,b]. Hence (f>(x, Ao) = identically on [a, hi) U 
(hi,h 2 ) U (h2,h%) U (/i3,6]. But this contradicts (2.8), since ai + | ct2 1^0. ■ 

Corollary 2.3. If A = A is an eigenvalue, then both <ft (x, Ao) and \ ( x , Ao) 
are eigenf unctions corresponding to this eigenvalue. 

Lemma 2.4. All eigenvalues A„ are simple zeros of u>(\). 
Proof. Using the Lagrange's formula (cf. [23], p. 6-7), it can be shown that 

/ hi h 2 h 3 b 

(A - A„) I J (f>\ (x) <p Xn (x) dx + J<j) X (x) (f> Xn (x) dx + J (j>\ (x) <p Xn (x) dx + J ' <j) X (x) <p Xn (x) 



c 



h 3 

(2.20) 



= W(<p x ,<i> Xn ;b) 

for any A. Recall that 

Xa„ (x) = fc„(/>A„ (x), x e [a, hi) U (fti, h 2 ) U (h 2 , h 3 ) U (h 3 , b] 

for some k n 7^ 0, n = 1, 2, .... Using this equality for the right side of (2.20), we 
have 

W (4>x, <Px n ;b) = ±-W (<p x , X a„ ; b) = -±- (\ n (^ + (<p x ) p ) =^L (A) + (A - A„) (4> x ) 

w(A) 



= (A-A n )-I 



(4>\)/3 



A — A I; 

Substituting this formula in (2.20) and letting A — s> A„, we get 



J (<Px n (x)) 2 dx+ J (<j> Xn (x)fdx+ J (<j> Xn (x)) 2 dx+ J (0 A „ (x)) 2 dx = i- (V (A„) - (foj^) 
Now putting 



fc 3 



6 aJ/3 = — (XA„) /3 



P_ 



in (2.21) seems that <J (A„) ^ 0. 
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3 Asymptotic approximate formulas of u (A) for 
four distinct cases 

We start by proving some lemmas. 

Lemma 3.1. Let <fi(x,\) be the solutions of Eq. (1.1) defined in Section 2, 
and let A = s 2 .Then the following integral equations hold for k = 0, 1 : 

01A ( x ) = a 2 (coss (x — a))^ — cti — (sins (x — a))^ 

s 

x 

+ ~sj ( SinS ( X_ y)) fe «^)^ 1A ^) d y' ( 3 - lfe ) 
a 

02A {*) = J^u {hi - 0) (coss (x - h 1 )f ) + (/l! - 0) (sins (x - h!)) W 

0\ s o 1 



(sin s (x - y)) k q(y)(f>2\(y)dy 7 (3.2 fe ) 



hi 



<4a (*) = ?<M {hi - 0) (coss (z - h 2 )) {k) + i^^ A (fo - 0) (sins (x - h 2 )) (k) 

02 S 2 

x 

+ (sin s (x - y)) k q (y) <f> 3X (y) dy, (3.3 fe ) 

<^A (z) = ?^3A (/is - 0) (coss (a; - /i 3 )) (fe) + -|^ 3A (fc 3 - 0) (sins (x - h 3 )) {k) 
+ ^ (sin s(x-y) fq (y) (j) AX (y) dy, (3.4 fe ) 

«,ftcre (.) (fc) = ^(-). 

Proof. It is enough to substitute s 2 (f>i\ (y) + 4>[ x (y) , s 2 </> 2 a (y) + 4> 2 \ iv) ; 
s 2 03A (y) + 4>3x (v) and s2( ^4A (y) + 4>i\ (y) instead of q (y) (f> ix (y) , q (y) <j> 2 \ (y) , 
q (y) 03A (y) , and q (y) <j) 4X (y) in the integral terms of the (3.1fc) , (3.2 fe ) , (3.3 fe ) 
and (3.4^) , respectively, and integrate by parts twice. ■ 

Lemma 3.2. Let A = s 2 , Ims = t. Then the functions <j>i\ (x) have the 
following asymptotic formulas for |A| — > 00, which hold uniformly for x G Qj 
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(for i = 1,2,3,4.): 



,(<=) 



(x) = a 2 (coss (a: - a)) (k) + O (|s| fe_1 e l*IC^-«)^ 



(3.5 fc ) 



<f>2\ (x) = 0^2 t~ (coss (x — hi))^ coss (hi — a) — (sins (x — hi))^ sins (hi — a) 
+ 0(|s| fe - 1 el t l^-' ll } + (' ll - a >l) (3.6*) 



1>3\ ( X ) = "2 |^ (COSS (X - h 2 )) {k) 



~7~ sin s (h 2 — hi) sin s (hi — a) 
°i 



Ti 

— cos s (h 2 — hi) cos s (hi — a) 
01 

— sin s (/12 — /ii) cos s (hi — a) 
01 



-2- (sins (a; - /12)) 

5 2 



(fe) 



+ -r cos s (/i2 — /ii) sin s (hi — a) 
°i 



■ +0 (is^" 1 



(3.7 fc ) 

2 |t|[(s-h 2 ) + (/l2-/n) + (/H-o)]^ 



04A ( x ) = "2 -j ^ (coss (a; - /i 3 )) (fe) |^coss(/i 3 - /i 2 ) 



cos s (/12 — /ii ) cos s (/ii — a) 



7i 



Ti 

+ — r cos s (/12 — /ii) sin s (/ii — a) 
<*1 



t sin s (/12 — hi) sin s (ft-i — a) 



^ (sin s(h 3 -h 2 )) 

°2 



J l(sms(x-h 3 )) {k) \^- S ms(h 3 -h 2 ) 



sins (h 2 — hi) coss (/ii — a) 



— coss (h 2 — hi) coss (hi — a) — -7- sins (h 2 — hi) sins (hi — a) 
01 d x 



ll 
8', 



x (coss (/i 3 - h 2 )) 



— sins (/12 — /ii) coss (hi — a) H — - coss (/12 — /ii) sins (hi — a) 
01 d x 



+ 0(|s| fe - 1 1 



,|t|[(x-/i 3 )+(/i 3 -h2)+(h2 



-/ll)+(/n-o)]^ 



(3.8 fc ) 
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if ot 2 ^ 0, 



(x) = ~ (sins (x a)) (fe) + O (|s| fc - 2 e l*IC— )) 



(3.9 fc ) 



^2A W = - — 



— (coss (a; — fti)) sins (fti — a) — -7- (sins (a; — fti))' coss (/ii — a) 

01 X 



0^| a | fc - 2 e |t|[(*-/n) + C»i-a)]^ 



(3.10fc) 



4>3\ (a) = " 1 "T (coss (a; - /i 2 )) (fe) 



cos s (/12 — /ii ) sin s (hi — a) 



Ti 

- — - sin s(h 2 — hi) cos s (/ii — a) 



+ -r cos s (h 2 — /ii) cos s (/ii — a) 



(sin s (a; — /i 2 )) 



7i 

— sins (/i 2 — hi) sins (/ii — a) 
01 



S'i 



(3.11*) 

+ O (|s| fe ~ 2 e^lI^-^^+^-ftO+^i-a)]^ 



^4A 0*0 = ~— "I "J" (coss (a; - h 3 )) {k) \ ^ coss (/i 3 - ft 2 ) 



S I #3 



7i 



— cos s (/12 — hi) sin s (/ii — a) 
01 



Ti 

-—7- sin s (/12 — /ii) cos s (/ii — a) 
--r coss (/12 — hi) coss (/ii — a) 



-p- sins (ft 3 - h 2 ) 

°2 



7i 

— sins (h 2 — hi) sins (/ii — a) 
01 



^ (sin s (a; - h 3 )) (fe) I ? sins (fc 3 - /i 2 ) 
5 a I <5 2 



7l 7i 

— coss (h 2 — /ii) sins (/ii — a) H — - sins (h 2 — hi) coss (hi — a) 
bi 6 1 



S'o 



7l 7i 

— sins (h 2 — hi) sins (hi — a) — -7- coss (h 2 — hi) coss (hi — a) 
di 5 1 



x cos s (h 3 — h 2 

+ O (\s\ k ~ 2 e \ t W x -h3) + (h 3 -h2) + (h2-h 1 ) + (h 1 -a)]^ 



(3.12 fc ) 



*/ ^2 = 0. 

Proof. Since the proof of the formulae for (f>i\ (x) is identical to Titchmarsh's 
proof to similar results for (f>\ (x) (see [24], Lemma 1.7 p. 9-10), we may formu- 
late them without proving them here. 

Since the proof of the formulae for 4> 2 \ (x) and </> 3 a (x) are identical to 
Kadakal's and Mukhtarov's proof to similar results for <j>\ (x) (see [3], Lemma 
3.2 p. 1373-1375), we may formulate them without proving them here. But the 
similar formulae for fax (x) need individual consideration, since the last solu- 
tions are defined by the initial conditions of these special nonstandart forms. 
We shall only prove the formula (3.8fc) for k = 0. 
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Let c%2 ^ 0. Then according to (3.7fc) 



'T'2 

03A (h 3 - 0) = a 2 <j j- cos s (/i 3 - /i 2 ) 



7i 

— cos s (h 2 — hi) cos s (hi — a) 

Ol 



7i 

sins (/i 2 — hi) sins (/ii — a) 

°1 

7i 

+ — coss (/i 2 — /ii) sins (/ii — a) 



-2- sin s(/i 3 - h 2 ) 

°2 



7i 

— sin s (/i 2 — ft-i) cos s (/ii — a) 



+ 0(|s|- 1 , 



\t\[(h 3 -h 2 ) + (h2 



-h 1 ) + (h 1 -a)]^ 



and 



^3A (^3 -0) = a 2 { --^-sins(h 3 - h 2 ) 



7i 

— cos s (h 2 — hi) cos s (/ii — a) 



7i 

sins (/i 2 — ft-i) sins (/ii — a) 

<>i 

+ -r coss (h 2 — hi) sins (hi — a) 
S i 



- coss (h 3 - h 2 ) 

°2 



— sin s (/i 2 — ^i) cos s (hi — a) 

Ol 



\t\[(h 3 -h 2 ) + (h 2 -h 



Substituting these asymptotic expressions into (3.4q), we get 



<Pi\ (x) 



73 



(cos s (a; — /i 3 )) ^ — cos s (/13 — /i 2 ) 



cos s (/i 2 — ft-i) cos s (/ii — a) 



7i 

r sins (/i 2 — hi) sins (/ii — a) 



7i 



- coss (/i 2 — /ii) sins (/ii — a) 



-p- sin s(/i 3 - /i 2 ) 

°2 



— sin s (x — h 3 ) I sin s (/13 — /i 2 ) 



Ti 

— sins (/i 2 — hi) coss (/ii — a) 

Ol 



72 . 



7i 7i 

— coss (h 2 — hi) coss (hi — a) — -7- sins (h 2 — hi) sins (hi — a) 
di 5i 



5o 



x coss (h 3 — h 2 ) 



7i 7i 

— sins (h 2 — hi) coss (hi — a) + -7- coss (h 2 — hi) sins (hi — a) 
01 o 1 



+ 



-Jsms(x-y)q (y) 4 A (y) dy + O (jsf 1 e l*l[(*-M+(fcs-fc2)+(/»2-M+(fci-a)]^ 

h 3 

(3.13) 

Multiplying through by e -\A[^-h 3 )+(h 3 -h 2 )+(h 2 -h l )+(hi-a)\ ^ and denoting 
F 4X (x) := e -l*l[("-''s)+(''3-fc2)+(fc a -fci)+(fci-a)]0 4A (3) 
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we have 



F 4X (x) := a 2 e- mx - h3)+{h3 - h2)+ih2 - hl '> +(hl - a '> ] coss (x - h 3 ) { cos s (h 3 - h 2 ) 

{O3 l°2 



— coss (h 2 — hi) coss (hi — a) T sins (h 2 — hi) sins (hi — a) 

di d 1 

— sins (h 2 — hi) coss (hi — a) + -7- coss (/12 — /ii) sins (/ii — a) 

01 0! 



-p- sins (/i 3 — /i 2 ) 



- -r sins (x - h 3 ) 
do 



72 

x <{ — sins (/i 3 - h 2 ) 



+ -p- COSS (/l 3 - /l 2 ) 



— coss (h 2 — hi) coss (hi — a) — -7- sins (h 2 — hi) sins (hi — a) 

01 di 

— sins (/12 — hi) coss (/ii — a) + -7- coss (h 2 — hi) sins (hi — a) 
01 dj 



+ sins(x-y)q(y)> 

h 3 



-\t\[(x-h; i ) + (h ? ,-h 2 ) + (h 2 



-fci)+(fci-a)] F4A (^dy + O^r 1 ). 



Denoting M := max a . e [ /l3ib ] ji^A (x)| from the last formula, it follows that 



M (A) < \a 2 \ 



+ 



+ 



M (A) 



for some Mq > 0. From this, it follows that M (A) = O (1) as A — > 00, so 

Substituting this back into the integral on the right side of (3.13) yields (3. 80). 
The other cases may be considered analogically. ■ 

Theorem 3.1. Let A = s 2 , t = Ims. Then the characteristic function uj (A) 
has the following asymptotic formulas: 
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Case 1: If j3 2 ^ 0, a 2 ^ ; then 



UJ4 (A) = s 3 (3 2 a 2 \ (sins (b - h 3 )) <! coss (h 3 - h 2 ) 



12 



7i 



— coss (hi — hi) coss (hi — a) 

Ol 



71 

sins (hi — hi) sins (hi — a) 

S i 

+ —r coss (/i 2 — ^i) sins (/ii — a) 



sin s(/i 3 - ft 2 ) 

°2 



7i 

— sins (/i 2 — /ii) coss (/ii — a) 



cos s (6 

°3 



sins (h 3 - h 2 ) 



7i 7i 

— cos s (/12 — hi) cos s (/ii — a) — -7- sin s (h 2 — hi) sin s (hi — a) 
01 o 1 



S' 2 



7i Ti 

— sins (hi - hi) coss (hi - a) + —r coss (h 2 - hi) sins (hi — a) 
Ol o 1 



x coss (h 3 — hi) 
+ Qs| 2 e l*l[( f >-' l 3)+(^3-/ l2 )+(/ l2 -hi)+(h 1 - a )]^ _ 

Case 2: If p' 2 ^Q, a 2 = 0, f/ien 



(3.14) 
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W4 (A) = -s aij3 2 I — (sin s (b — h 3 )) < — cos s (/13 - /i 2 ) 



[l2 
< — ( 



l<5 2 



7i 



— cos s (/i 2 — hi ) sin s (hi — a) 
01 



7i 

-f — sin s (hi — hi) cos s (/ii — a) 
7i 

— -p- cos s (hi — hi) cos s (/ii — a) 
°i 



-p- sin s(/i 3 - ft 2 ) 
<5 2 



7i 

— sins (/i 2 — /ii) sins (/ii — a) 
01 



-r cos s (b 
°3 



sins (h 3 - hi) 



7i 7i 

— coss (hi — hi) sins (hi - a) + -7- sins (/i 2 - /ii) coss (/ii - a) 
01 o x 



^2 

(5; 



x coss (h 3 — hi) 



7i 7i 

— sins (hi — /ii) sins (hi — a) coss (hi — hi) coss (hi — a) 

Ol o 1 



+ (\s\ e J t \K b - h 3) + ( h 3- h ^ + (h2-h 1 ) + (h 1 -a)]^ _ 



(3.15) 
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Case 3: If j3 2 = 0, a 2 ^ 0, then 



T3 1 

CJ4 (A) = s 2 a 2 f3 1 <! — (cos s (b - h 3 )) <! cos s (h 3 - h 2 ) 



72 



7i 



— cos s (h,2 — hi) cos s (hi — a) 

01 



7i 

sin s (/i 2 — hi) sins (/ii — a) 

7i 

+ -p- coss (h 2 — hi) coss (hi — a) 



- -r sin s(h 3 - h 2 ) 

5 2 



sin s (/i2 — /ii ) cos s (/ii — a) 



^ sins (6 

°3 



sins (/i 3 - /12) 



7i 7i 

— cos s (/12 — ft-i) cos s (hi — a) — -7- sin s (h 2 — hi) sin s (/ii — a) 



s 2 



x coss (/13 — /12) 



7i Ti 

— sin s (/i 2 - /ii) coss (hi - a) + -7- coss (/i 2 - /ii) sins (/ii — a) 



+ (\s\ eJ t ^ b - h ^ +( ~ h3 - h ^ +< - h2 - hl ^ +< - hl - a ^ . 
Case ^: If f3 2 = 0, a 2 — 0, then 



73 1 72 

w 4 (A) = -sax/3, <^ — (cos s (b - h 3 )) 4 — cos s (/i 3 - /i 2 ) 
o 3 I 02 



7i 

+ -7- sin s (/i 2 — /ii) cos s (ft-i — a) 
°i 



sins (h 3 - h 2 ) 

S 2 



(3.16) 



cos s (/i 2 — hi) sin s (/ii — a) 



7i 

— sins (/12 — hi) sins (/ii — a) 



7i 



7- cos s (/12 — fti) cos s (/ii — a) 



7s I 72 

-7- sin s (b — h 3 ) { — sin s (h 3 - ft, 2 ) 

do I o 2 



7l 7i 

— coss (/12 — /ii) sins (hi - a) + -7- sins (/i 2 - /ii) coss (hi - a) 
01 



^2 



7i 7i 

— sin s (/i 2 - hi) sins (/ii — a) — -7- coss (h 2 — hi) coss (hi — a) 
01 5 1 



x coss (h 3 — h 2 ) 

+ O ^ e l*l[( fe -' l 3) + (?i3-'i2) + (h 2 -ft 1 ) + (h 1 -a)]^ _ 



(3.17) 



Proof. The proof is immediate by substituting (3.8*,) and (3.12^) into the 
representation 

uj 4 (A) = A (/3>4A (b) - p' 2 ct>' 4X (b)) + (f3icl> 4X (b) - M 4X (&)) 

= -a/?;<4 (b) + a/?;0 4A (b) - p' 2 4X (b) + m 4X (b) . (3.18) 



Corollary 3.1. The eigenvalues of the problem (1.1)-(1.9) are bounded 
below. 

Proof. Putting s = it (t > 0) in the above formulae, it follows that cj 4 (— t 2 ) — > 
00 as t — > 00. Therefore, lo 4 (A) ^ for A negative and sufficiently large. ■ 
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4 Asymptotic formulae for eigenvalues and eigen- 
f unctions 



Now we can obtain the asymptotic approximation formulae for the eigenvalues 
of the considered problem (1.1)-(1.9). 

Since the eigenvalues coincide with the zeros of the entire function uj^ (A), 
it follows that they have no finite limit. Moreover, we know from Corollaries 
2.1 and 2.2 that all eigenvalues are real and bounded below. Hence, we may 
renumber them as Ao < Ai < A2 < listed according to their multiplicity. 

In this section, for the sake of simplicity we shall assume that j i S i — 7^ 
(i = 1,2,3). 

Theorem 4.1. The eigenvalues A„ = s 2 , n = 0,1,2,... of the problem 
(1.1)- (1.9) have the following asymptotic formulae for n — > 00 : 
Case 1: If f3 2 ^ 0,a 2 ^ 0, then 



b 

Case 2: If f3 2 ^ 0,a 2 = 0, then 



^-H + Ofl'l. (4.1) 



n 



Sn= T±zR +0 (U. (4.2, 



b — a \n 
Case 3: If f3 2 = 0,a 2 ^ 0, then 



b — a \n 
Case 4'- If P2 = 0) a 2 = 0, then 



^ n -^ + 0( l -\. (4.3) 



Sn = ^- + o( 1 -). (4.4) 
b — a \n J 

Proof. We shall only consider the first case. The other cases may be considered 
similarly. Denoting uJ (s) := o; 4 (s 2 ) = o; 4 (A), 

_ a 2 /3 2 737271s 3 • / /. ^ 

03O2O1 

and 0J2 (s) := cJ(s) — ZJi (s), we write oj (s) as uj(s) = ZUi (s). In view of (3.14), 
from basic properties of trigonometric functions we have 



^ 2 (.s) = 0(| S | 2 el t K b - a )). 



We shall apply the well-known Rouche's theorem, which asserts that if / (s) and 
g (s) are analytic inside and on a closed contour C, and \g (s)\ < \f (s)\ on C, 
then / (s) and / (s) + g (s) have the same number zeros inside C, provided that 
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each zero is counted according to their multiplicity. It is readily shown that 
\Ui (s)\ > \ZJ2 (s)\ on the contours 

for sufficiently large n. 

Let A < Ai < A 2 < ... be zeros of cj (A) and A„ = s\. Since inside the 
contour C„, ZJi (s) has zeros at points s = with multiplicity 4 and s = 2 (b- a ) ' 
fc = ±1, ±2, ±n with multiplicity 1. The number of zeros is 2n + 4, and it 
follows that 

(n — 1) 7r 

*„ = 1 T — + Sn (4.5) 

o — a 

where 5 n = O (1) for sufficiently large n. By substituting this in (3.14), we 
derive that 6 n = O (-), which completes the proof. ■ 

The next approximation for the eigenvalues may be obtained by the following 
procedure. For this, we shall suppose that q (y) is of bounded variation in [a, b]. 

We only consider the case fi 2 ^ and ct2 ^ (since the other cases may be 
considered anologically). Putting x = hi in (3.1/t), x = /12 in (3.2^), x = in 
(3.3fc) and then substituting in (3.4/c), we get that 



, u , 02717273 . , /, u «i7i7273 / ^, » 
^4A (&) = g c c c sin (s (b - a)) - cos (s (b - a)) 

O1O2O3 O 1 2 03 
hi 

+ 1 1 ] 2 ! 3 / cos ( s ( & ~ f)) 9 (y) <t>ix (y) dy 



h- 



7273 

S2S3 

hi 

h 3 

73 



J cos (s (6 - y j) q (y) fax (y) dy 

n 

b 

cos (s (b - y)) q (y) fax (y) dy + J cos (s (b - y)) q (y) fax (y) dy. 



+ A 

hi h 3 

Substituting (3.5k) , (3.6k) , (3.7k) and (3.8fe) into the right side of the last 
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integral equality then gives 

C*27l7273 . 



7 4A 



(b) 



sm( S (b-a))- ai ™ 3 cos(.s(b-a)) 
Oid 2 o 3 o 1 2 o 3 



hi 

. "2717273 f , ^ , , \\ ( \J > "2717273 

01<J 2 03 J 01020. 



x / cos (s (b - y)) cos (s (y - a)) g (y) dy + 



hi 
h 3 



"2717273 



"2717273 

Si5 2 5 3 



x J cos (s(b- y j) cos (s (y - a)) q (y) dy + 

h 2 
b 

x y cos (s (b - yj) cos (s (y - a)) q (y) dy + O (|s| -1 e |t|[b " aI ) . 
h 3 

On the other hand, from (3.8fc), it follows that 

04A (b) = cos (s (b -a)) + (M- 1 e'^-l) 



0"ld~2^3 

Putting these formulas into (3.18), we have 



<x>4 (A) = 8' 



; /? 2 "27l7273 

616263 



sin (s (b — aj) + s 



( /?i"27i7273 /3 2 "i7i7 2 7 3 \ 
I <5i<5 2 <5 3 5' 1 6 2 5' 3 J 



X cos 



a 

, h 2 , h 3 

_ ^27273 /" CQg ^ _ y ^ q ^ ^ ^ dy _ ^|73 f ^ ^ _ y ^ y ^ ^ ^ dy 



h 2 





-P' 2 J cos (s (b - y)) q (y) </> 4A (y) dy 

h 3 



+ 0(| s |- 1 e l*l[^]). 



Putting (4.5) in the last equality we find that 



6 n = 



Pi ai 
02 "2 



-R + O 



(i)j + 0(| S „r 2 ) (4.6) 



where R := k 



hi h 2 h 3 b 

q(y)dy+ [q(y)dy + Jq(y)dy + Jq(y)dy 

h 2 



hi 



h 3 



Recalling that 



q(y) is of bounded variation in [a,b], and applying the well-known Ricmann- 
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Lebesque Lemma (see [25], p. 48, Theorem 4.12) to the fourth integral on the 
right in (4.6), this term is O (-). As a result, from (4.6) it follows that 



Sn = - 



(b-a) 



7r (n — 1) 
Substituting in (4.5), we have 

7r (n — 1) (b — a) 



fi 2 a 2 



+ -2 



s n 



b — a 7r (n — 1) 



P 2 "2 



Similar results in the other cases are as follows: 
In case 2: 



1 



6 - a 7r (n - |) 



+ o(-|. 



In case 3: 



_ 7r(n-l) 1 
o — a 7r (n - 



■| + ^-i?' 

p\ a 2 



+ 



In case 4: 



7TO 1 
S n = T 1 

o — a 7rn 



^ 2 + ff 



+ 



(n 2 



By putting (4.1) into the (3.5^), (3.6^), (3.7^) and (3.8^) we obtain that 

, , , fn(n-l)(x-a)\ /l 

0U„ (x) = a 2 cos -i —l± '- + O - 

V 6 - a / \ n 



and 



, a 2 7i / 7r (n — 1) (x — a)\ / 1 

^(») = -^COB^ ^ ^ j+0(- 



, , v ^27i72 / 7T (n - 1) (x - a) 
03A„ (a;) = : „ cos ' 



SiS 2 



b — a 



, , , a 2 7i7273 f Tr(n-l)(x-a) 
</>4A„ (ar) = cos 

010203 



oil 

n 



in the first case. Consequently, if (3 2 ^ and a 2 7^ 0, then the eigenfunction 
4>(x,\ n ) has the following asymptotic formulae 



a 2 cos 



7r(n— a) 



b—a 



4>{x,\ n ) = < 



0271 cog / *(n-l)(s-a) 
01 V o— a 



0:271 72 



5i<5 2 
Q2717273 



fO(i), a;e[o,/»i) 
+ 0(i), x e(/n,/i 2 ) 
' (n -^L x - a) )+oa), *e(to,*s) 



19 



which holds uniformly for x E [a, hi) U (hi,h 2 ) U (h 2 , ^-3) U (/13, b}. 
Similar formulae in the other cases are as follows: 
In case 2 



<f)(x,\ n ) 



In case 3 



ai(b-o) g j n ( 7r(n-|)(x-a) 
01(6-0)71 . / ^(n-|)(a;-a) 



sin 



6— a 

T ( n ~ h)( x ~ a ) 

6— a 



5i7r(n-i) 

ai(fc-a)7i72 
5i«527r(n— i ) 

0=1 (fe-a)7l 7273 oi n | ^ ("~ 1 ) ( x ~ a ) 
'5 1 5 2 5 3 7r(n-^) I 6-a 



x e [a, hi) 
x e (hi,h 2 ) 



fO(£), x€(h 2 ,h 3 ) 
+ 0(£), a;e(/i3,6]. 



^(x, A„) = < 



Qf2 COS 



«i 



■ COS 



w ( n ~ i)( x ~ a ) 

b—a 

n(n— ^)(x—a) 
b—a 



Q 2 

5 



O(i), xe[a,/n) 

)+0(£), le^y 

^cos( ^l)r^ + Q(l), xe(h M 

+ 0(1), xefet]. 



Q2717273 

*5l (52 63 



COS 



r(n— ^)(x— a) 
b—a 



In case 4 



>(x, A„) = < 



_ £l ^ £ ) sin (z^£z£)) + 0(J 7 ), , e[a;/ll ) 
^^sin(H^)) +0 (J ? ), x € (/ii,/i 2 ) 



*i(b-a)7i72 
<5i(52 7rn 

>-a)7i7 



»l(b-a)7l7273 sin Hij£_£) + 0(^), ^(fei 



All these asymptotic formulas hold uniformly for x 6 [a, hi)U(/ii, Zi2)U(/i2, hz)U 
(h 3 ,b}. 
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